This paper studies the asymptotic stability of a repairable system with repair time of failed system that follows arbitrary distribution. We show that the system operator generates a positive C 0 -semigroup of contraction in a Banach space, therefore there exists a unique, nonnegative, and time-dependant solution. By analyzing the spectrum of system operator, we deduce that all spectra lie in the left half-plane and 0 is the unique spectral point on imaginary axis. As a result, the time-dependant solution converges to the eigenvector of system operator corresponding to eigenvalue 0.
Model of system
2.1. System description. This paper presents such system consisting of k (≥ 1) active, N (≥ 1) cold standby units with r (≥ 1) repair facilities, and M (≥ 0) multiple noncritical and critical errors. The system require k active units to operate and the switching mechanism is subjected to failure.
The following assumptions are associated with the model:
(1) multiple critical and noncritical errors can only occur in the system with more than one good unit; (2) critical error and noncritical error rates are constant; (3) the units failure rate are constant; (4) all failures are statistically independent; (5) the repair rate of noncritical errors is as constant as that of a failed active unit; (6) the repair time of the failed system is arbitrarily distributed; (7) the repaired unit is as good as new; (8) the failure rate when i units have failed is denoted by a i which is the product of 2 i k and [(failure rate of an active unit) plus (failure rates of any one of the multiple noncritical errors) and multiplied by (probability of a successful switching mechanism)]; (9) the units also fail simultaneously when one of the, say j, M ≥ j ≥ 0, critical errors hits the system with a failure rate denoted by d i, j , i = 0,1,...,N; (10) the system is said to be in one of failed states if (N + 1) units have failed or if any one of the M critical errors has occurred. So, the transition diagram of the system can be depicted as in Figure 2 .1.
The following symbols are associated with the model under study: (1) 0: initial state (i.e., at t = 0, all k units are in operation with N cold standby units); (2) i: number of failed units, i = 1,...,N; (3) j: failed state of the system, j = N + 1 means failure of the system, j = N + 1 + n, n = 1,...,M means failure of the system corresponding to the nth critical error, j = M + N + 2 means failure of switching mechanism from cold standby to active unit; (4) p i (t): probability that the system is in state i, i = 0,1,...,N + M + 2, at time t; (5) µ j (x): repair rate when the system is in state j and has elapsed repair time of x, and 0
6) p j (x,t): probability that the failed system is in state j and has an elapsed repair time of x; (7) X j : random variables representing repair time when the system is in state j; (8) G j (·): distributed function of X j ; (9) g j (·): probability density function of X j ;
. .
(10) E j (x): the mean time to repair that the system is in state j and has an elapsed repair time x; (11) x i : the chance that a system is successful when it is switched from a cold standby unit to an active unit, when it is at state i, 
Mathematical model.
The mathematical model associated with Figure 2 .1 can be expressed as follows [6] :
3)
here,
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We describe it by abstract Cauchy problem in Banach space. For simplicity, we introduce notations as
Take state space X as
It is obvious that (X, · ) is a Banach space. The domain of operator A is
Then, the above equations (2.1)-(2.5) can be written as an abstract Cauchy problem in the Banach space X,
(2.9)
Unique and nonnegative solution of (2.1)-(2.5)
In this section, we will prove the existence of the unique and nonnegative solution of the repairable system. We begin with proving the following propositions.
Houbao Xu et al. 635
2) with the help of (3.3), we can obtain that
Combining the above equations with Fubini theorem, it follows that
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where
This shows that D(A) is dense in L. In other words, D(A) is dense in X. From (1), (2) , and Hille Yosida theory [11] , we know that A generates a C 0 -semigroup. It is easy to check that
is a bounded linear operator (here, W = sup x∈R + µ j (x), j = N + 1,...,N + M + 2). Thus, by the Perturbation theory of C 0 -semigroup [11] we deduce that A + E generates a C 0 -semigroup T(t). −1 is a positive operator [2] . By the expression of E, it can be easily verified that E is a positive operator. We note that
When γ > max{a 0 ,a i + b i ,b N ,W}, by (3.5), it is easy to see that (γI − A)
exists and is bounded, and here,
(3.12)
For any p ∈ D(A) and Q p , we have
From the definition of dispersive operator and (3.13), we know that A + E is a dispersive operator. Combining (1), (2), (3) with the Philips theory [11] , we derive that A + E generates a positive C 0 -semigroup of contraction. Because C 0 -semigroup is unique [2] , this positive C 0 -semigroup of contraction is just T(t). Thus, we complete the proof of Theorem 3.1. 1,0,...,0) .
(3.14)
By Theorem 3.1 and (3.14), we obtain that
On the other hand, since (1,0, ..
.,0) ∈ D(A + E), so p(x,t) ∈ D(A + E)
, and p j (x,t), j = N + 1,...,N + M + 2 satisfy system (2.1)-(2.5). Then, we have
Hence, p(·,t) = p(0) = 1. This just reflects the physical meaning of p(x,t).
Asymptotic stability of system (2.1)-(2.5)
In this section, we will study the asymptotic stability of the repairable system. We will prove that there exists a nonnegative steady solution of the system, and the dynamic solution converges to the steady solution when time t tends to infinity. Therefore, the system is asymptotic stability.
Lemma 4.1. 
Proof. From [3, pages 11 and 8], we know that
Because the failed unit is repairable, and the expectation of repair time of any failed unit is less than ∞, then, there exist
As a special case, let t = 0; we have Proof. Consider (A + E) p = 0 as the following equations:
Solving (4.6) with the help of (4.7), we obtain that
Substitution of (4.8) into (4.3) with the help of (4.4)-(4.7) yields that
It is easy to check that the determinant coefficient matrix of the above equations equals 0. Moreover, if p 0 > 0, then p i > 0, (i = 1,...,N), and is the eigenvector corresponding to 0 of A + E. Taking Q = (1,1,. ..,1), we have
By (2.5), it is easy to deduce that (A + E) q,Q = 0. So, 0 is the simple eigenvalue of A + E.
Proof. For any r ∈ C, Rer > 0, or r = ia, a ∈ R, a = 0, and for any y ∈ X, solve (rI − (A + E)) p = y:
14) Solving (4.14)-(4.17), with the help of (4.18), we can obtain that
Substituting them into (4.14) with the help of (4.15)-(4.16) yields that
where 
is the unique solution of (4.14)-(4.18). So, R(rI − A − E) = X, and because (rI − A − E) is a closed operator, we can deduce that (rI − A − E) −1 exists and is bounded. In other words, {r ∈ C | Re r > 0, or r = ia, a ∈ R, a = 0} belongs to the resolvent set of A + E. This completes the proof of Theorem 4.4. In Theorem 4.4, we proved that all spectra of A + E lie in the left half-plane and there is no spectra on the imaginary axis except 0. Noticing that p in (4.11) is the eigenvector corresponding to 0 of A + E. It is obvious that p is nonnegative. Hence, p is the nonnegative stable solution of the system. Theorem 4.6. Let p be the nonnegative eigenvector corresponding to 0 and satisfy p = 1, let Q = (1,1,...,1 From [12] , and [10, Theorem 14], we know that Theorem 4.6 is the direct result of the stability of the semigroup. Thus, we proved that p, the eigenvector corresponding to 0 of A + E, is the unique and nonnegative stable solution of the repairable system, and lim t→∞ p(·,t) = p.
Conclusion
The problem of asymptotic stability of a general redundant repairable system with imperfect switching mechanism is studied in the paper from a theoretical standpoint. By C 0 -semigroup theory, we firstly prove the existence of unique solution of a system; secondly, we prove the solution is asymptotic stability. Thus, we provide strictly mathematical proof for such general system. This is the main contribution of the paper.
